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Abstract

This paper reviews various types of increasing returns from a critical per-
spective. Increasing returns have been introduced both at the firm level and
at the aggregate level in a monopolistic-competition model. We show that
the degree of the aggregate returns to scale is a linear combination of three
return parameters, with the weights determined by the specification of a zero-
profit condition. Identification issues are discussed with an emphasis on recent
macro literature. We argue that disaggregate data give information on the
market structure rather than the technology. Welfare implications explain
why it is important to identify various increasing returns.
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1 Introduction

The hypothesis of noncompetitive markets and/or increasing returns to scale has
recently been used in dynamic stochastic general-equilibrium (DSGE), more often
called real-business-cycle, models. Using the Solow residual as a measure of produc-
tivity changes is appropriate only under the joint hypothesis of perfectly competitive
markets and constant returns to scale. In a series of papers, Hall (1986, 1988, 1990)
argues that evidence from the Solow residual is not consistent with this maintained
hypothesis but with the alternative hypothesis of noncompetitive markets and/or in-
creasing returns to scale.! Under this alternative hypothesis, the Solow residual has

Imperfect competition makes equilibrium possible in the presence of increasing returns. In-
creasing returns are compatible with competitive firms if the increasing returns are external to the
firms. Internal returns may be motivated as a representation of external ones, as in Beaudry and
Devereux (1995a). The two types are compared using models with both types of increasing returns
in Appendix A.



endogenous components which cause it to over-represent the contribution of produc-
tivity shocks. Furthermore, this alternative hypothesis helps explain some puzzles
in the DSGE literature, e.g. little correlation between employment and productivity.

Following Dixit and Stiglitz (1977) and Blanchard and Kiyotaki (1987), the
monopolistic-competition framework has been widely used in macroeconomics. The
assumption of unrestricted entry and exit implies that profits are zero in equilib-
rium.? In a monopolistically competitive market, the technology of constant returns
to scale lets firms produce positive profits regardless of their size. Introducing in-
creasing returns at the firm level leaves room for reducing profits to zero.®> The
objective of this paper is to discuss three different types of increasing returns in a
monopolistic-competition model and to derive implications for the related literature.

There are two ways of introducing increasing returns at the firm level. The
more conventional way is including fixed costs as part of a firm’s technology. This
way has been followed whenever a zero-profit condition is imposed. An alternate
way is amplifying the constant-returns-to-scale term by a power larger than one,
which amounts to diminishing marginal cost. When we incorporate both sources
of increasing returns simultaneously, as in Hornstein (1993), their effect on the ag-
gregate returns to scale is different from each other. Increasing returns due to the
third source occurs only at the aggregate level. It involves a technology or a pref-
erence for the variety of goods. The introduction of a new good might enhance the
production efficiency and the consumption convenience. Romer (1987) focuses on
this as an engine of growth and Matsuyama (1995) relates this to complementarities
and cumulative processes of macroeconomics. The model in Devereux, Head and
Lapham (1996a), even without productivity shocks, generates business cycle fluc-
tuations of real variables from government spending shocks since these affect the
variety of goods.

This paper shows that, in a static model, the resulting degree of aggregate re-
turns to scale is the average of the second and the third sources of increasing returns,
without any influence of positive fixed costs. The derivation of aggregate returns
from a firm’s technology involves two steps. First, the differentiated outputs are
aggregated to produce a measure of aggregate output. Second, a zero-profit con-

2See Benassy (1991) for qualifications of zero-profit conditions. The assumption of zero profits
matches the observation in Hall (1990) and Rotemberg and Woodford (1995) that there are no
significant pure profits in the United States.

3Not that all papers in DSGE literature impose a zero-profit condition. Hairault and
Portier (1993) and Beaudry and Devereux (1995b) do not impose a zero-profit condition and
so parameterize both fixed cost and the number of firms. In such models, the firm-level returns
to scale are the aggregate returns to scale and the permanent presence of positive profits remain
unexplained. For example, the steady-state profit rate is 17% in the benchmark model of Hairault
and Portier (1993).



dition is imposed upon the aggregate version of a firm’s technology. Specification
of a zero-profit condition determines the weights of the averaging. In a dynamic
model where adjustments to zero profit are not instantaneous, the market structure
of monopolistic competition plays a role—the slower the adjustments, the larger the
role. Even if market structure does not directly affect the technology, this source
influences the response of output in a way indistinguishable from the previous two
ways.

The aggregate dynamics of a model which combines various sources of increasing
returns to scale show that there are identification problems in the recent macroe-
conomics literature using the framework of monopolistic competition. We compare
various papers to see how they specify a zero-profit condition and what the resulting
degree of returns to scale is. We also argue that the literature using disaggregate
data provides information different from what it intends to provide: on the mar-
ket structure rather the technology. Lastly, welfare implications are discussed from
the perspective of a social planner who does not need to satisfy zero-profit condi-
tions. While having similar positive implications for the aggregate returns, various
increasing returns have different normative implications.

2 The Model

To illustrate the points in as simple a structure as possible, we analyze only the
production side of the economy. This analysis is tractable and gives much insight
on how different returns to scale interact with one another. Most papers on monop-
olistic competition deal with both the production and the consumption side of an
economy. However, introducing a utility function complicates the model so that it is
difficult to disentangle the production features from consumer behavior. Our model
is a partial-equilibrium model, since the production side generates the demand for
inputs. The transformation of this model into a general-equilibrium framework is
straightforward by stacking it with a consumer problem and, if needed, a government
problem. The consumer problem would generate the supply function of aggregate
inputs through a labor-leisure choice and capital accumulation. Therefore, through-
out this paper, we may consider the aggregate inputs as exogenous variables.

Since a zero-profit condition is crucial in deriving the economy-wide returns to
scale, we will be very careful in discriminating two meanings of ‘production func-
tion.” A structural production function is a purely technological relation without
reference to the equilibrium condition of zero profits. However, a production func-
tion in a reduced form, whether a firm’s or an aggregate one, is a combination of
the appropriate technology and a zero-profit condition. That is, a reduced-form



production function is a structural production function with a zero-profit condition
imposed.

Now our objective of this section is to transform a firm-level structural pro-
duction function, Eq. (1), into an aggregate reduced-form production function, e.g.
Egs. (16) and (24). This transformation is a contribution to the literature since it
simplifies one step of complex DSGE models and so makes it easy to understand
their production features. We start with a static model since it is a special case
of a dynamic model. The static model serves as a steady-state, or low-frequency
in general, feature of the dynamic model. As a preparation for the analysis of the
aggregate variables, we analyze the behavior of firms.

2.1 Firms

Firms are identical except for the heterogeneity of outputs. Firm ¢ produces y; units
of net output under a technology of increasing returns to scale:

yi = A; (k)" = g, (1)

with the restrictions that 0 < a; < 1,7; > 0, and ¢; > 0. A; denotes the productivity
shock, k; is the capital stock and [; is the quantity of labor. Since productivity shocks
are not crucial in deriving the implications on returns to scale, they are normalized
to 1 except when necessary for discussing econometric issues.

The parameter ¢; represents what firm ¢ should pay at each period regardless of
its activity level. For example, a firm advertises its good each period to maintain its
market share. Note that the fixed cost is measured in units of its own output, not
its inputs.* Additionally, this paper follows the convention that a firm’s fixed cost
is exogenous to the firm. The presence of a fixed cost makes it possible to impose
a zero-profit condition, as in Hornstein (1993), Rotemberg and Woodford (1995),
Beaudry and Devereux (1995a), and Devereux, Head and Lapham (1996a,b), and
is a source of increasing returns to a firm’s technology. However, in a static model,
firm-level increasing returns due to fixed costs are not transmitted to the increasing
returns of an aggregate production function in a reduced form, Eq. (16).

If ~; is greater than 1, a firm’s gross output features additional increasing returns
to scale. This source of increasing returns has not been popular in the literature.
Actually, most papers in the DSGE literature restrict +; to be exactly equal to 1,
except for Hornstein (1993) and Benhabib and Farmer (1994). This paper names

LChatterjee and Cooper (1993) and Yun (1996) assume that fixed costs are a part of inputs.
The models with input fixed costs behave in a similar way. See Appendix B for a model with fixed
costs as part of its inputs.



this source ‘diminishing marginal cost.” Appendix C on cost minimization shows
that the bigger ~; is, the smaller the slope of marginal cost is. Hornstein (1993)
call this ‘the scale coefficient.” However, we will show that the degree of returns
to scale depends also on other parameters. Furthermore, diminishing marginal cost
may not affect the response of aggregate output, depending on the specification of
a zero-profit condition.

These two sources of increasing returns to scale at the firm level are added up
in overall returns to scale of a firm’s technology. From the perspective of a firm,
to whom the fixed cost is exogenous, the log-linearized reduced-form production

function is:
yito;

yi = (ki) ]
That is, the degree of returns perceived by a firm is the product of the degree of

diminishing marginal cost and the ratio between the gross and the net output. The
ratio turns out to be (vﬂ)’ where p is the degree of market power. This degree

is assumed to be greater than 7; and defined in Eqs. (5) and (6). So the degree
of returns to scale of a firm’s technology is equal to the degree of market power.
However, this exercise is meaningless in that we have not incorporated a zero-profit
condition into a firm’s technology. Actually, we will see that the presence of fixed
costs by itself does not imply increasing returns in a static model. However, the
degree of market power turns out be the right measure in a dynamic case where
there are only steady-state adjustments to zero profit, without any period-by-period
adjustments.
A firm maximizes its profit:®

T = piYi — PZk; — PW1;,

where p; is the price of firm #’s product, P is the general price level, Z is the
real rental rate of capital, and W is the real wage. In models with monopolistic
competition, the price of outputs, p;, depends on the amount produced, ;. The
inverse demand for the output of the ith firm will be derived later in Eq. (8),
which involves the parameter representing the market structure of monopolistic
competition, . The assumption that firms rent capital rather than holding and
accumulating it simplifies the analysis. Under this assumption, we do not need
to explain where entering firms buy capital or where exiting firms sell remaining

5An alternative, and probably more conventional way of analyzing the firm behavior is the
framework of cost minimization in Appendix C. However, the profit-maximization framework is
better for understanding the mechanics of the zero-profit condition since it expresses the endoge-
nous variables as a function of aggregate inputs, considered exogenous in this paper. Furthermore,
extension to a dynamic model becomes more complicated in the framework of cost minimization.



capital. Capital and labor are homogeneous and a firm behaves as a price-taker in
the input markets.
Noting that y; is a function of (k;,[;), the first order conditions with respect to

k; and [; are:®
Vi (yi ;: ¢i> (%) = PZ, (2)

wnE) - m

Input prices determine the ratio between gross output —not net output— and each
input. This point will be important later in comparing the dynamics of output with
those of input prices. The first order conditions, Eqs. (2) and (3), determine the
optimal capital and labor, depending on the demand curve and the size of the fixed
cost.” A firm’s maximized profit is:

o _ T ajpl—a;\7
en|(13) )]

This derivation shows that neither form of increasing returns to scale is allowed in
a perfectly competitive economy, i.e. when g = 1. Introducing increasing returns
would generate corner solutions. Therefore, the discussion of increasing returns in
a competitive economy in Hall (1988) is futile.® It is also interesting to note that
marginal costs decreasing at a faster rate do not always benefit firms. Other things
being equal, a firm would produce more output, which would decrease its profit by
lowering its output price. If (kf‘lllfa) is below a certain level, a faster rate means
lower profits. Otherwise, profits become higher as 7; increases only when ; is close
to 1.

The zero-profit condition which should hold in equilibrium implies the following

restriction:
Vi a;1l—a;\ i
qﬁi:(l—;) (ko)™ (4)

The assumption of positive fixed costs is equivalent to the assumption that the
degree of diminishing marginal cost (y;) may not be larger than the degree of market

SHere we neglect the price-index effect of individual pricing decisions. See d’Aspremont, Ferreira
and Gerard-Varet (1996) for this issue.

If marginal cost is decreasing, the solution to (2) and (3) might not be a profit-maximizing
choice. The restriction that ¢; is nonnegative is sufficient to guarantee that the choice defined
by (2) and (3) maximizes profits in equilibrium.

8This is corrected in Hall (1990), where firms have market power under increasing returns.
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power (u). This equation may be interpreted as determining the size of the fixed
cost. However, it may also be interpreted as a condition deciding the number of
firms, since k; and [; depend on the number of firms. Since aggregate inputs are
considered exogenous in this paper, we should transform the zero-profit condition
into a relation among aggregate variables. Before discussing aggregate implications
of two firm-level increasing returns, we need to specify how the economy values
the variety of goods in aggregation, which introduces the third source of increasing
returns.

2.2 Aggregation

From a macroeconomic viewpoint, heterogeneous outputs need to be aggregated. A
convention is introducing an additional agent in the economy, called an aggrega-
tor. The aggregator is equivalent to a firm producing a final good. The presence
of the aggregator can be avoided, when every agent chooses the goods and labor
index composition optimally, as in Blanchard and Kiyotaki (1987) and Hairault and
Portier (1993). In this case, aggregation is a matter of preference as well as tech-
nology. Since this choice is static and the same for all agents, notation is simplified
when the aggregator solves the problem instead.

The aggregator purchases differentiated outputs from firms, which are described
by an N-dimensional vector, (yi, Y, ..., yn), and transforms them into Y units of a
final good. In the literature on monopolistic competition, the aggregating function
follows both constant returns to scale and constant elasticity of substitution. The
specification used by Dixit and Stiglitz (1977), and thenceforth conventional, is:

y = (iy) 6

with o > 1. The elasticity of substitution between two differentiated outputs is
constant at —£<. Since p is the markup in equilibrium, it is defined as the degree
of market power. Besides determining the elasticity of substitution, the parameter
plays an additional role involving the variety of goods.

If all goods are hired in the same quantity, y, then aggregate output is:

Y = NHy.

Thus, there are increasing returns to variety (IV), together with constant returns
to quantity (y). If the number of firms is constant in the model, this type of in-
creasing returns does not produce aggregate increasing returns. Hornstein (1993)
and Beaudry and Devereux (1995a) fall into this category. However, in a model

8



where the number of firms is endogenous, increasing returns to variety do generate
aggregate increasing returns, as in Devereux, Head and Lapham (1996a,b). They
argue that increasing returns to variety capture the spirit of a thick-market effect
and also explain the procyclical behavior of job creation and the entry of new firms.”

In the conventional specification of Eq. (5), the degree of increasing returns to
variety is linked to the degree of market power. Theoretically speaking, there is
no a-priori reason to prefer the presence or the absence of increasing returns to
variety. Furthermore, with all the agreement on the presence of increasing returns
to variety, the degree does not need to be related to the degree of market power, as
in Eq. (5). This paper parameterizes, and so disentangles, the degree of returns to
variety separately from that of market power. Dixit and Stiglitz (1975)—a working-
paper version of Dixit and Stiglitz (1977)— and Benassy (1996) also disentangle the
two parameters, but this is not related to the degree of returns to scale.

Disentangling the two parameters is not just a theoretical curiosity. We will
show that input prices, as a function of aggregate variables in Eqgs. (26) and (27),
are a function of the variety parameter but not of the market structure parameter.
Therefore, only the former contributes to the existence of equilibrium indeterminacy.
Besides, comparing the economy of monopolistic competition with that of a social
planner, we will show that the two parameters have different welfare implications.
These two points will be discussed after the algebra of the model.

This paper parameterizes the aggregator as follows:!°

N 1\ *
v w0 ) ©)
i=1
which results in the following equation for aggregate output at symmetry:

Y = N*y. (7)

The new parameter, p, represents the returns to variety. If it is greater than 1, there
are increasing returns to variety. Note that Eq. (5) corresponds to the case when p
is equal to p. If it is equal to 1, the aggregator implies constant returns to variety

9Romer (1987) and Devereux, Head and Lapham (1996a,b) call this a return to ‘specialization’

rather than ‘variety.” Following the title of Dixit and Stiglitz (1977), Chatterjee and Cooper (1993)
use the terminology of ‘product diversity.’

10A new multiplicative term, N?~#, is called the “public-good feature of diversity” in Dixit and

e L\# 1\ H
Stiglitz (1975). Two equivalent representations are Zf;l N(F_l)yi“> and (Zf;l (NP=Hy;) ’1‘) .

This function is discontinuous with respect to the introduction of a new good. However, the
discontinuity disappears if we assume a continuous goods space.



as assumed in Rotemberg and Woodford (1995). They motivate constant returns as
a normalization, but this assumption is a restriction rather than a normalization.
The aggregator is assumed to maximize its profit:

N
H:PY—ZPi?Ji,

=1

where all price variables are exogenous to the aggregator and the aggregate price
index is defined as:!!

N L\ (w1
P =N (p—m (Z pz_ﬁ> _
i=1

The first order condition with respect to y; reduces to a constant-elasticity inverse

demand function:
_p=1

= PN (5) 7 ®)

Note that the new parameter, p, affects only the level of the demand without affect-
ing its elasticity. Hence the first order conditions of the firms, Eqgs. (2) and (3), are
not sensitive to the parameterization of returns to variety.

Besides aggregating differentiated goods, macroeconomics has also made it a
convention to scrutinize a symmetric equilibrium under identical technologies of
the firms. The homogeneity of capital and labor implies the following relations in
equilibrium:

K = Nk,L = NI, (9)
where K and L denote aggregate capital and aggregate labor, respectively.

2.3 Returns to Scale

Based upon previous discussions on firms’ behavior and aggregation, we now derive
the aggregate reduced-form production function, i.e. an aggregate version of firms’
technology with a zero-profit condition imposed. Aggregation of homogeneous in-
puts in Eq. (9), together with aggregation of outputs as shown in Eq. (7), transforms
the firms’ technologies, Eq. (1), as follows:

Y = N6 (KoL) — Nvg, (10)

"' At symmetry, P = —5p. Increasing returns to variety imply that an increase in the number
of firms leads to a decrease in the price index due to an efficiency gain. See Feenstra (1994) for an
application to import goods. Existing price indices do not adjust benefits to variety: they assume

p=1
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This is the aggregate structural production function. Both the aggregate gross out-
put and the aggregate fixed cost feature an element of returns to variety due to
aggregation. Note that we have not yet imposed a zero-profit condition, which is a
part of the equilibrium conditions. That is, the aggregate production function in a
reduced form is derived only after the zero-profit condition is imposed.

We now derive what the zero-profit condition, Eq. (4), implies for the aggre-
gate reduced-form production function. The relationship between individual and
aggregate inputs transforms the zero-profit condition as follows:

Y — _7 apl-a)’
N (1 u> (Ko=)’ (11)
Note that this does not involve the degree of returns to variety, p. This aggregate
version of the zero-profit condition has been interpreted in two different ways in the
literature.

The first interpretation endogenizes the number of firms, NV, as a function of the
aggregate variables as follows:

N = (@) " gepia, (12)

¢

If there is a change in the economy causing a positive profit, e.g. a positive produc-
tivity shock, the number of firms increases to take advantage of this change, thus
reducing profits to zero. The fixed cost of a firm is assumed to remain constant.
Rotemberg and Woodford (1995) and Devereux, Head and Lapham (1996a,b) adopt
this interpretation. This interpretation has a conceptual problem associated with
the definition of the equilibrium, since an equilibrium with entry and exit involves
a change of the goods space.!?

Conversely, the second interpretation considers the fixed cost as an endogenous
variable, that is:

1
Taken literally, a firm’s fixed cost increases with aggregate inputs and is also affected
by the market structure represented by the degree of market power, p. This inter-
pretation has been less attractive than the former, since the amount of the fixed cost
is not a technological parameter but a function of other parameters and exogenous
variables.!?

12Gee Benassy (1991) for the details.

13The endogeneity with respect to the degree of market power might be rationalized by the

argument that a larger fixed cost (e.g. advertising) should be paid at each period in an economy
with a larger degree of market power.

b= N7 (1 - z> (or @), (13)
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However, an increase in the fixed cost per firm is equivalent to job creation on
the intensive margin. That is, output per firm is proportional to the fixed cost.
Furthermore, over low frequencies of a growing economy, it is reasonable to assume
that fixed costs grow as firm size grows over time. No papers have argued for this
interpretation seriously, but some follow this interpretation implicitly by assuming
that the number of firms is constant. If the number of firms is assumed to be
constant, as in Hornstein (1993), Yun (1996), and Beaudry and Devereux (1995a),
the only way to achieve the zero-profit condition is by endogenizing the fixed cost
of a firm.

As with the specification of the aggregator, there is no a priori reason to prefer
either interpretation. In general, both the fixed cost and the number of firms may
change. This paper, first in the literature, incorporates this generality by defining
an additional parameter, ¢ € [0, 1], which represents the ratio of the intensive and
extensive margins. Our parameterization postulates the fixed cost and the number
of firms as follows:!*

ASS
I
I

(]
N' = & [(1 . %) (KaLla)”] H, (15)

where k is an arbitrary constant. This constant affects only the level of variables,
but not their percentage deviation. We can interpret the parameter € as one related
with the elasticity of supplying new firms. Manipulating Eqgs. (14) and (15), we have
a constant-elasticity supply schedule,

1—
N = kgt

where ¢ is interpreted as the marginal cost of some specialized resource, e.g. en-
trepreneurial ability, required to create a new firm. For example, when ¢ = 0, the
supply of entrepreneurial ability is infinitely elastic at a price of ¢ per unit.

Note that the extreme cases of ¢ = 0 and € = 1 correspond to the two interpreta-
tions in the literature, Eqs. (12) and (13). This paper shows that our generalization
is analytically tractable and gives intuition for the interaction among the various
increasing returns. Before discussing the general case containing the parameter ¢,
we consider the two extreme cases.

14This parameterization of endogenous fixed costs can be reconciled with that of exogenous fixed
costs, when negative externalities are introduced via fixed costs as in Appendix D. Optimal decision
of fixed cost in industrial-organization literature endogenizes the € parameter, but constant ¢ is
not a bad approximation when time unit if constant.
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Suppose that the number of firms is endogenous, i.e. £ = 0, then the aggregate
output in equilibrium is derived by substituting Eq. (12) into Eq. (10):
—(2-1)7 i (3-) arl-a)’
Yy=¢ 5 —<1——> (Ko=),
H H
In this case, p, the degree of returns to variety, determines the degree of aggregate
returns to scale. The intuition behind this is that the firm size is constant while the
number of firms is variable. Since the endogenous number of firms is proportional
to the constant-returns-to-scale term (K*L'~*) in Eq. (12), the channel of returns
to variety works while overriding that of diminishing marginal cost. Note that the
economy may produce more output with a larger fixed cost. If p is smaller than ~,
output increases as the fixed cost increases. This apparently abnormal result comes
from the following intuition: since the degree of diminishing marginal cost is higher
than that of returns to variety, it is better to have larger firms. The gains from
larger firms offset the losses from a larger aggregate fixed cost.

However, if we assume an endogenous fixed cost, i.e. ¢ = 1, then the aggregate
output behaves differently. Using Eq. (13), the aggregate technology of Eq. (10) is
transformed as follows:

Yy = N (KaLl—a)’Y.
1

Note that the degree of returns to scale is v, the degree of diminishing marginal cost.
Opposite from the previous case of an endogenous number of firms, the channel of
diminishing marginal cost is in effect while there is no effect of the returns to variety.
In a sense, this is trivial since the number of firms is constant. A firm’s output and
fixed cost move proportionally with the aggregate output. Inputs per firm move
also proportionally with the aggregate inputs. Note that an increase in the number
of firms may increase or decrease the aggregate output, depending on the sign of
(p — 7). If the degree of returns to variety is higher than that of diminishing marginal
cost, it is better to have more firms in the economy.

Now let’s consider our general case where both the fixed cost and the number
of firms change according to Egs. (14) and (15). It is natural to speculate that the
degree of returns to scale is between the two extreme cases. Substituting Eqs. (14)
and (15) into Eq. (10), the aggregate production function in a reduced form is
simplified as follows:

- ~ (1—5)(5_1) v ey+(1—¢)p
Y, = (51 (1 - —) T (KoL) . (16)
" "

The degree of returns to scale in this general case is [ey + (1 — €) p|, a convex combi-
nation of v and p. The degree of returns to scale in the aggregate economy depends

13



on the choice of three parameters representing diminishing marginal cost (), returns
to variety (p), and the ratio of the two endogenous changes (¢). Note that increasing
returns at a firm level due to positive fixed costs does not generate increasing returns
at an aggregate level.

The effect of monopolistic competition on the aggregate output is now clear.
Both the fixed cost and the number of firms are an increasing function of the degree
of market power, u. Since a larger degree of market power means a larger profit,
we need more firms and a larger fixed cost per firm to reduce the profit to zero.
Given a certain amount of the aggregate inputs, a higher degree of market power
decreases the amount of differentiated output due to an increase in the fixed cost and
a decrease in inputs per firm. However, if the number of firms is endogenous (¢ < 1)
and the degree of returns to variety is larger than that of diminishing marginal
cost (p > ), an offsetting mechanism is at work, since a higher degree of market
power increases the number of firms.'® This mechanism overturns the decrease in
a firm’s output if the degree of market power is lower than the degree of aggregate
returns to scale, [ey+ (1 —¢)p|. In other words, an economy with monopolistic
competition would produce maximum output if the degree of market power were
equal to the degree of returns to scale. The N-shaped graph in the first plot of
Figure 1 on page 27, denoted as Y™, shows this property. For example, in a model
with a Dixit-Stiglitz aggregator (1 = p) and an endogenous number of firms (¢ = 0),
the monopolistic-competition economy is optimal in the sense that it produces the
most aggregate output. This optimality pertains to the comparison among different
market economies and has nothing to do with the comparison with a social planner,
which will be discussed later.

Before moving on to a dynamic model, we analyze the mechanics of input prices.
The profit maximizations of the firms have implications for the rental rate and the
wage, Eqgs. (2) and (3), which result in the following aggregate relations:

Y

7z = Qg (17)

Y
W = (1-a)—=. (18)

L
Although the dynamics of input prices depend on gross output, they mimic those of
net output because the aggregate fixed cost is proportional to the aggregate gross
output, and so the net output. However, this property does not extend to a dynamic
case. This point turns out to be important in the discussion of identification issues.

151t is easy to check that the aggregate output is decreasing over the whole range of the degree
of market power if both conditions do not hold.
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2.4 A Dynamic Model

Up to now, neither the size of the fixed cost nor the degree of market power affects
the degree of returns to scale. Then, is there no point of introducing monopolistic
competition and the fixed cost in the behavior of returns to scale? Yes, the presence
of the fixed cost does affect returns to scale in a dynamic model where adjustments
to zero profit are not instantaneous. Note that the static case considered above
is analogous to the Marshallian long run, in that no specialized resource prevents
zero profits from being achieved. Following the same spirit, we interpret a dynamic
case considered below as the Marshallian short run since existing firms may earn
quasi-rents.

To consider a dynamic case, the aggregate technology without the zero-profit
condition imposed, Eq. (10), is rewritten with time subscripts for the variables.

- (6] —Q 7
Y, = N (EPL) - N, (19)

This structural production function does not directly involve the degree of market
power, p. However, this degree representing the market structure may affect the
degree of returns to scale of the aggregate reduced-form production function in a
dynamic model.

Apart from the choice of endogenous variables in a static model, an additional
consideration arises in a dynamic model: how fast does the economy move towards
the state of zero profits? Two extreme cases have been considered in the literature.
In the case of full adjustment, profit is zero at every period. This specification is
used in Devereux, Head and Lapham (1996a,b). The short-run dynamics are the
same as that of the static model described in Eqs. (16)—(18). The other extreme
is the case of no short-run adjustment. Profit is zero only at the steady state, so
the short-run dynamics of the fixed cost and the number of firms are not affected
even if profit is not zero in a particular period. Hornstein (1993) and Beaudry and
Devereux (1995a) adopt this specification. In this case, returns to scale are governed
by neither diminishing marginal cost nor returns to variety. They are governed by
the degree of market power, which is a function of the degree of substitution among
differentiated goods. These two extreme cases are compared in Chatterjee and
Cooper (1993).

Another contribution in this paper is to generalize the specification of zero profits
by introducing an additional parameter, 5 € [0, 1], representing the speed of adjust-
ments.!® This speed is inversely related to cost of adjustments, e.g. entry and exit.

6Rotemberg and Woodford (1995) is the only example which does not follow one of the two
extreme cases. The calibration corresponds to a very small 8 of this paper. Optimal decision of
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We assume that the fixed cost and the number of firms adjust period by period, but
not fast enough to achieve zero profit at every period:'”

TS (&)55(1—5)7

)

where (&, N) guarantees zero profit at every period and (gz;, N) guarantees zero
profit at the exogenous steady state. Note that no adjustment corresponds to the
case when § = 0, and full adjustment, when 3 = 1.

Specifically, the four variables are defined as follows:

O L (R
L (R

N' = & K1 - %) (K;“Lg—“)”] 1_5, (22)
NT = & [(1 . %) (I‘(“F—“)V] 1_5. (23)

We will see that only £, a parameter regarding zero profit at every period, matters
for the dynamics of the model. The other parameter, ¢, affects only the steady-state
properties. Alternatively, the speed of adjustments can vary between the fixed cost
and the number of firms with the assumption that £ = € In this case, the three
parameters are (e, 34, ). However, this new model is equivalent to our model with
the parameters defined as follows:
- Be _ 1—10
B=eBs+(1—¢)pn,E=—¢,E=
’ B 1- 7
Substituting Egs. (20)—(23) into Eq. (19), the aggregate reduced-form production
function in the dynamic model is as follows:

€.

]ﬂ(€7+(1*5)p)+(17ﬂ)7 }6(5%(1*5)/))

Y, = ry [KfL; " — kg [KP Ly , (24)

entry and exit in industrial-organization literature endogenizes the § parameter, but constant J is
an approximation under constant time unit. A higher frequency would imply a lower £.

17Qur specification with an additional parameter preserves the simple one-period nature of the
model. The model becomes intertemporal if we introduce partial adjustments by assuming the
fixed cost and the number of firms predetermined, as in Ambler and Cardia (1996).
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where

(1-8)(1—&)(p—7)

[KO‘EI_O‘] 7

. B1-8)+(1-B)(1-8)](2-1)
- (/%ﬂf%l_ﬂ)(7 1) <1_1>

I
ﬂ€7+(1—€)p+(1_ﬂ) Ey+(1—8)p . .
L_1 il v _ 1-8)(¢ 1-¢
Ky = (/%ﬂf%l_ﬂ)(7 ) <1 . %) [K“Ll_o‘]( B)(Ev+(1-£)p) .

Note that the two exponent terms in Eq. (24) are different from each other and that
neither of them involves the degree of market power, pu. Gross output fluctuates
strictly more than the aggregate fixed cost, unless adjustments are instantaneous.
This nonlinear reduced-form production function has such complicated dynamics
that it cannot be compared with the static case. However, in a linearized version of
the dynamic model, the behavior of the variables is comparable to the static model.
In practice, most DSGE papers use a linearized version.
The log-linearized version of Eq. (24) is:

V= [BEY+1-8p) + (- ul (ak; + (1 —a) L), (25)

where 7, is the percentage deviation of x; from its steady state. This clearly shows
that market structure affects output fluctuations in a way indistinguishable from the
two previous sources of increasing returns, diminishing marginal cost and increasing
returns to variety. The degree in the dynamic case is a convex combination of
the degree of the static case in Eq. (16), [y + (1 — £€) p|, and the degree of market
power, pu. Equivalently, the degree of returns to scale is a convex combination of
the three parameters: the degree of diminishing marginal cost (), the degree of
returns to variety (p), and the degree of market power (u). Note that the degree of
returns to scale in the long run, i.e. at the steady state, would be [¢y + (1 — £) p]
which is different from that of the short run in Eq. (25). This helps explain the
difference between low- and high-frequency fluctuations, both of which are important
in macroeconomics.

In the extreme case where there is no period-by-period adjustment, the degree
of short-run returns to scale is the degree of market power; the other two param-
eters do not enter at all. The intuition of this extreme case is as follows. Since
aggregate fixed cost does not respond to the change of aggregate inputs, net aggre-
gate output fluctuates more than gross aggregate output. Furthermore, the amount
firms produce relative to the size of the fixed cost depends on the degree of market
power. The result of this extreme case shows that the introduction of diminish-
ing marginal cost in Hornstein (1993) and Beaudry and Devereux (1995a) does not
affect the dynamics of the aggregate reduced-form production function. However,
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this does not mean that the introduction has no influence on the dynamics of a
general-equilibrium model at all. The degree of diminishing marginal cost affects
the dynamics of input prices as follows.

In a dynamic case, the dynamics of the rental rate and the wage are as follows:

—a|PEYHA=E)p)+(1-F)y
p v\ i [Ke L )
= (0% —_
t 1 Kt )
S | 2\ [K?L%,a]ﬁ(€7+(1*€)ﬂ)+(1*ﬂ)7 o
b “ K Ly

Regardless of the assumption about adjustments, the degree of market power does
not affect the dynamics of the input prices. The dynamic properties of input prices
are governed by those of gross output rather than net output, since fixed costs and
the number of firms are exogenous to the firm’s input decision. For example, in
models where the presence of fixed costs is the only source of increasing returns
as in Hornstein (1993) and Rotemberg and Woodford (1995), the introduction of
monopolistic competition and increasing returns does not affect the dynamics of
input prices as a function of aggregate inputs.

Note that the exponent term relevant for the input-price dynamics is strictly
smaller than that of the aggregate returns to scale, unless the adjustments are
instantaneous.'® This difference has an implication for deriving indeterminacy from
increasing returns to scale, as in Benhabib and Farmer (1994). Since the dynamics
of the input prices are critical for the existence of indeterminacy, all sources of
increasing returns do not contribute to its existence. Of the three sources, the
degree of market power has nothing to do with the existence of indeterminacy.

The bottom line of the model is as follows. The degree of returns to scale
of the aggregate reduced-form production function is a convex combination of three
parameters: the degree of diminishing marginal cost, the degree of returns to variety,
and the degree of market power. The weights depend on the specification of a zero-
profit condition. Unless zero profit is imposed period by period, the dynamics of
input prices have information independent of the aggregate reduced-form production
function.

18In other words, even if we have the dynamics of output and each input, we do not derive the
dynamics of the input prices. The dynamics of the input prices have some independent implications.
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3 Implications

This section derives implications of the model and, based upon them, reviews and
critiques existing literature. The model is related to two branches of empirical
literature. A direct implication comes from the behavior of the aggregate reduced-
form production function. The DSGE literature on monopolistic competition uses
a specific parameterization of this paper. Our general model in this paper gives a
warning sign to both calibration and estimation approaches. Another implication of
the model involves the works using disaggregate data to identify some parameters.
This paper gives interpretations for the estimates this literature have found, different
from how they used to be interpreted. In addition to these empirical implications,
this paper derives welfare implications. We compare an economy of monopolistic
competition with a social planner’s economy and find that some previous welfare
results are due to restricted specifications.

3.1 Identification with Aggregate Data

To facilitate the discussion of identification issues, we begin by comparing the specifi-
cations of how the existing literature parameterizes the speed of adjustments () and
the period-by-period endogeneity between the fixed cost and the number of firms (£).
For convenience, recall that the degree of returns to scale of the aggregate reduced-
form production function is [3 (€7 + (1 — €)p) + (1 — B)p]. Therefore, this value is
of sole importance in determining the aggregate dynamics of the production func-
tion. The dynamics of input prices are governed by [5 (Ey + (1 —&)p) + (1 — B)7],
the degree of returns to scale of aggregate gross output.

Hornstein (1993) and Beaudry and Devereux (1995a) assume that only the fixed
cost is endogenous and that the adjustment to zero profit occurs only at the steady
state. Since the resulting degree of aggregate returns is g, diminishing marginal
cost and increasing returns to variety do not affect the dynamics of the aggregate
reduced-form production function. However, this does not mean that, in a particular
general-equilibrium model, the dynamics of output depend only on the degree of
market power. Since the dynamics of input prices depend on diminishing marginal
cost and returns to variety, they also affect output in a general-equilibrium model.'?
In Rotemberg and Woodford (1995), the endogenous variable is not the fixed cost
but the number of firms. However, this does not make much difference because their
calibrated speed of adjustments is very low, a small 3. If the responses of the number

YFor example, the second and the third cases of Hornstein (1993) do not produce the same
results even if the only difference between the two cases lies in the degree of diminishing marginal
cost.
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BV 0 1
0 | Rotemberg and Woodford (1995) | Devereux, Head and Lapham (1996a,b,c)

Hornstein (1993)
Beaudry and Devereux (1995a)

Table 1: Examples of Specification

of firms happen only at the steady state, a zero (3, then different assumptions on
endogeneity do not make any difference at all.

The endogeneity of the number of firms matters if the zero-profit condition is
imposed period by period, as in Devereux, Head and Lapham (1996a,b,c). The
dynamics of both output and input prices depend on the degree of returns to variety.
The degree of diminishing marginal cost and that of market power do not affect
the properties of the variables, as far as the percentage deviations are concerned.
Table 1 summarizes the specifications. The first column corresponds to a model
where adjustments to zero profit occur only at the steady state.?’ The second
column contains the static version of this paper, where returns to variety matters.
The first and the second rows correspond to models of endogenous number of firms
and endogenous fixed cost, respectively.

Discussion of econometric issues such as identification naturally involves the
specification of an error structure. A convention is to interpret the productivity
shocks as a random variable. Accordingly, this section restores the notation for
productivity shocks, A;. Note that identification issues can be discussed only in
the context of a specific model and available data. From the calibration point of
view, identification issues are interpreted as follows. If the model is not identified,
different parameter calibrations may result in the same model.

Suppose that our model is the aggregate reduced-form production function with
exogenous steady states and that we have aggregate data on output, capital and la-
bor. Augmenting the linearized aggregate reduced-form production function, Eq. (25),
with productivity shocks as an error structure, we have:

=961+ (1= )+ (- 0) ) (0ot (1 @) Lot ).

Using the aggregate data, we can draw inferences about the share parameter, «, and
the aggregate returns to scale, [ (7 + (1 — €) p) + (1 — ) p]. The three parameters
representing the degrees are not identified separately. From the calibration point

20Rotemberg and Woodford (1995) is included in this category since 3 is very small, even if not
exactly zero.
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of view, different parameter calibrations may result in the same aggregate returns
to scale. For example, the dynamic properties of Rotemberg and Woodford (1995)
with slow period-by-period adjustments, i.e. a small nonzero 3, can be replicated
by another economy where adjustments occur only at the steady state, i.e. zero
(. Since the fixed cost is exogenous (¢ = 0), the degree of aggregate returns to
scale is [@p + (1 — f)p]. Because the degree of returns to variety is normalized to
1, an appropriate decrease in the degree of market power by 3 (u — 1) is the only
modification necessary in the new economy without any short-run adjustments. The
dynamic behavior of all the aggregate variables, except for the gross output and the
number of firms, is the same as that of the original model.

More aggregate data may solve the identification problem. Data on the fixed cost
or the number of firms would be helpful. However, it is not likely that we can get
measures of these two variables, consistent with this paper. Now suppose that we
have additional data on the rental rate or the wage and that the model also includes
the appropriate input-price equation, Eq. (26) or (27). The new model identifies
another linear combination of parameters, [ (£y+ (1 — &) p) + (1 — ) 7].2' This
is different from the degree of aggregate returns and so the model identifies two
parameters, unless adjustments are instantaneous. For example, the two free pa-
rameters estimated in Kim (1996) are v and p, both of which are identified for the
following reason. Since adjustments are assumed to occur only at the steady state,
the degree of aggregate returns is p and the dynamics of input prices are governed
by 7. Additional data on the interest rate provide information on the rental rate
and so 7 is also identified.

Considering the identification problems, one may wonder why we care about
various increasing returns separately. This question will be answered when the
market economy is compared with a social planner. We will show that different
increasing returns have different normative implications. Before comparing with a
social planner, we review the literature using disaggregate data to identify some
parameters of the model.

3.2 Interpretation of Disaggregate Data

Recall that the aggregate economy has been derived from a firm’s problem. If we
interpret a firm as a particular sector of the economy, the data disaggregated to the
sectoral level have implications on the state of the economy. Two related literatures
apply this interpretation. Here, we evaluate the implications of these literatures by

2INote that the replication of Rotemberg and Woodford (1995) in the previous paragraph does
not change input-price dynamics. Since both « and p are equal to 1, the change in 3 does not
change the dynamics.
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using our general specification of increasing returns in a monopolistic-competition
model.

Firm’s first order conditions are the starting point of testing the joint hypothesis
of perfectly competitive markets and constant returns to scale, as in Hall (1996, 1998,
1990). However, compared with the model in this paper, they do not incorporate
a zero-profit condition. Since it is assumed that there are no fixed costs, there is
no difference between the structural production function and its reduced form. The
log-linearized production function is:

dyit ( dkiy dly ) dAj
=% | & +

Yt kit Liy Aiy

The analysis of Hall (1986, 1988, 1990) is based on the measurement of productivity

growth in Solow (1957). Calculation of the Solow residual requires the revenue share:

_ Wiliy

DitYit
Without zero-profit conditions or fixed costs, the revenue share is equal to %(1 — ;).
Therefore, the Solow residual is:

dy;e dly dki dly dki dky — dA;
—sp— — (1 — = —1 — i — 1 .
Yit on Ly ( SR) Fit (,u )SR ( Ly Fit ) (7 ) Fit - Ay

This is the basis of testing for the joint hypothesis of perfect competition (p = 1)
and constant returns to scale (v; = 1).

Hall (1990) proposes a way to differentiate diminishing marginal cost from market
power. He defines a new share as follows:

Wiy
Zikiy +Wily
This is called the cost share, since it is the share of labor input in total cost, rather
than in total revenue as in Eq. (28). Note that it is equal to the share parameter,
(1 — ), regardless of increasing returns and market power. The cost-based residual

is as follows:

dyit dly ( dly dkiy dA;

— S¢ — (1 —=s¢ =v—1{sc—+ {1 —s¢c +
Yit Lit ( ) kit 0 ) Lit ( ) kit Aiy

Unlike the Solow residual, the cost-based residual can provide information only on
increasing returns.? This algebra lets Hall (1990) conclude that his evidence points
in the direction of increasing returns, presumably coupled with market power.

+ (1 — )

SR (28)

Sc

22The similar results for the Solow residual and the cost-based residual support the absence of
profits in Hall (1990). Note that a zero-profit condition is not imposed.
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However, this difference between the Solow residual and the cost-based residual
disappears under the specification of this paper which incorporates fixed costs and
zero-profit conditions. First order conditions imply that the steady state of the rev-
enue share is the share parameter. The cost share is the share parameter regardless
of the specification. Considering that the fixed cost does not adjust instantaneously,
the firm-level reduced-form production function is log-linearized as follows:

dk; dly

= [Béev; + (1 — Bee)y] (aik_— + (1 — ai)l—> + error, (29)
it it

dy;e
Yit

where e represents the elasticity of aggregate inputs with respect to firm inputs.??
The formula for both the Solow residual and the cost-based residual is:

dy;e dly dki dki

— S —(1—=s
Yit Lt ( ) kit kit

_ [B2ems + (1 — Bee)—1 (% f-s)

) + error,
Lit

where s represents both sz and sc. Since the revenue share is equal to the share
parameter only at the steady state, this formula holds only approximately for the
cost-based residual. Since the cost-based residual provides the same information as
the Solow residual, the way proposed in Hall (1990) cannot identify the degree of
diminishing marginal cost separately from that of market power.

While Hall (1986, 1988, 1980) incorporates first order conditions in his analy-
sis, others study increasing returns directly by regressing outputs on inputs, using
Eq. (29) as a regression equation.?* It would be realistic to assume that (e is close
to zero, since all three terms are likely to be small. Furthermore, this assumption is
true for all existing specifications summarized in Table 1. Under this assumption,
the literature can give information only on the market structure. In equilibrium, the
degree of market power is a mixture of two sources of increasing returns at a firm
level: diminishing marginal cost and the presence of fixed costs. The two sources
cannot be separately identified by production function regressions which use a re-
duced form. However, most DSGE papers arguing for or against the existence of
indeterminacy draw information on diminishing marginal cost from this literature.
This is valid only when there is no fixed cost in the economy. We can discuss the
existence of indeterminacy only after identifying the degree of diminishing marginal
cost separately from that of market power. Furthermore, as we will show shortly,
this separate identification is important from a welfare perspective.

23 The elasticity is: e = aZTK_z% + (1 —a) Zl_L-zlﬁ'
£ k2

24For a detailed discussion and the references, see Basu and Fernald (1997).
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3.3 Comparison with a Social Planner

A basic issue of welfare economics is whether a market solution will yield the social
optimum or not. Unlike the case of monopolistic competition, the zero-profit con-
dition is not binding for a social planner. So the planner’s problem is static in the
sense that there is no concern about the speed of adjustments. For ease of compar-
ison, adjustments to zero profits are assumed to be instantaneous in the economy
of monopolistic competition, i.e. § = 1, and so time subscripts are suppressed. The
behavior of the market economy is summarized as follows:

market __ _1 ’ arl-a\®?
o= (1) ey

1—¢

Nmarket _ (1_ %) K (KaLlfa)lfg,

?

(1—-e)(2-1
Ymarket _ 1 (1 . 1) (7 ) (KaLlfa)€7+(17€)p
I I

where the level parameter, , is normalized to 1 in the original equations, Eq. (14),
(15) and (16). The superscripts of ‘market’ denote the market economy of monop-
olistic competition.

Note that the planner’s optimization problem with respect to the fixed cost is
not well-defined. For the planner, it is optimal to decrease the fixed cost as close
to zero as possible. So the welfare issues are considered only under the assumption
that the social planner is not allowed to control the fixed cost. Given a process of
the fixed cost, the number of firms in an economy is chosen by the social planner
whose objective is:

max [N(pfv) (KaLpa)V _ Np¢market] _

Due to the partial-equilibrium setup of this paper, it is natural for the social plan-
ner to consider aggregate capital and labor as exogenous.?” Note that the market
structure affects the planner’s problem only through the exogenous process of the
fixed cost. For this problem to be well defined, we assume that p > . Under this
assumption, the number of firms has two offsetting effects on the aggregate out-
put. An increase in the number of firms increases both aggregate gross output and
aggregate fixed cost.

25This problem is different from that of Dixit and Stiglitz (1977) in that the cost function is
parameterized and that the utility function is not introduced. This makes it easy to consider
monopolistic competition and increasing returns simultaneously.
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The solution of this problem gives the optimal number of firms and the optimal
output:

—€

lanner __ _1 % _1 B arl-a\l ¢
NP _<1 p><1 u) (KL),

L _1 L_1

yplanner b (1 . 1) (7 ) (1 _ 1) 5(7 ) (KaLlfa)ﬂﬂl*g)p‘
p p I
By construction YPlanmer > ymarket where the equality holds when p = u. A larger
degree of returns to variety is an incentive for the social planner to create more
firms, i.e. a%Nplan“er > 0.
Noting the similarity between the planner’s economy and the market economy,
we have the following relation:

L < p Nplanner > Nmarket yplanner < ymarket
w=p S Nplanner — Nmarket S yplanner — ymarket
[ > p Nplanner < Nmarket yplanner > ymarket

Figure 1 on page 27 compares the monopolistic-competition economy with the social
planner’s. The horizontal axis is the degree of market power (u). It is easy to see
that government intervention has room for welfare improvement by affecting the
number of firms, unless the degree of market power is equal to the degree of returns
to variety.

When the two degrees match as in the conventional aggregator specification of
Eq. (5), the social planner has no room for improvement. With an endogenous
number of firms (¢ = 0), the graph of YP in the first plot would be horizontal and
tangent to Y™ at its maximum, where the economy is located. In other words, an
economy with the specification of Eq. (5) following Dixit and Stiglitz (1977) is not
only the best in the class of monopolistic-competition economies but also as good as
the social planner’s economy. It has been argued that this optimality is due to the
feature of constant elasticity of substitution.? However, the more relevant reason
consists in the specification that the degree of returns to variety is equal to the degree
of market power.?” Note also that this particular optimality result relies on the
partial-equilibrium setup of this paper. A general-equilibrium framework featuring
endogenous aggregate inputs may break the optimality of the partial-equilibrium
setup. For example, the equality between the outputs per firm does not imply the
equality between the numbers of firms in Dixit and Stiglitz (1977), and government
expenditure is welfare improving in Devereux, Head and Lapham (1996¢).

26See Romer (1987) for an example.
2TBenassy (1996) also points out that this match “is purely owing to an accidental implicit choice
of” the degree of returns to variety.
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4 Further research

Based on the critical review of the literature, empirical work to identify the parame-
ters needs to be done. Enough data both at aggregate and disaggregate levels might
enable the identification of all the parameters in this paper. The issue is how to find
a measure, say of the number of firms, relevant to this paper. As to the model, the
specification of endogenous fixed costs needs further analysis. It is more appealing if
we have a model which explains how the fixed cost changes endogenously in response
to the change in exogenous variables. The literature on R&D with entry and exit
can be a starting point. Another topic that deserves attention is to include materials
as an input to the technology. Such extension makes the aggregation in an imper-
fectly competitive economy less straightforward, since it involves value added rather
than gross output. Furthermore, it might change some results regarding returns to
scale.?

Z8Gee, for example, Hall (1986, 1988, 1990), Rotemberg and Woodford (1995), and Basu and
Fernald (1997).
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Figure 1: Comparison with a Social Planner
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A External Increasing Returns

Here we suppose that externalities come from inputs, rather than outputs. The
technology of the firms without externalities, Eq. (1), is rewritten for ease of com-
parison:%
y = (kall—a)7 - ¢
Input externalities have been parameterized in two different ways.
If average inputs affect the output of firms, their technology is:

y = (kall—a)7 (ka[l—oa)n o Qb,
where k and [ are average inputs and 7 denotes the degree of externalities. Following
the same procedure of the aggregation and the zero-profit condition, the degree of
aggregate returns to scale in a static model is [€(y+7n) + (1 —£€) p]. Note that
externalities via average inputs change the degree of diminishing marginal cost from
v to (v + n), without any change in the degree of returns to variety. In a dynamic
case, since the relative size of fixed costs depends on the internal increasing returns

only, the effect of market structure is magnified by a factor of 7%1 That is, the
returns to scale in our most general specification is,

~ ~ Y+n
pEbEn+ -+ -] (T) ]
Production externalities may come through total inputs as follows:
y = (kallfa)’y (I(olefa)77 - ¢,
where K and L denote total capital and labor in the economy. Such externalities
magnify not only the degree of diminishing marginal cost but also that of returns

to variety by a factor of 7%1 The degree of market power is magnified, too. The
degree of returns to scale is,

C%ﬁﬁma+u—am+u—mm.

The above algebra shows that a model with external increasing returns and one
with internal increasing returns can replicate the dynamic properties of each other,
subject to the following qualification.®® The degree of returns to variety and the
degree of market power should be changed appropriately. For example, if internal
returns are replaced with external returns, the degree of market power in a new
model should be reduced to (%), the old degree of market power divided by the
degree of internal returns.

29In the Appendix, all subscripts denoting firm and time are omitted.
30This equivalence is also explained in Benhabib and Farmer (1994).
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B Input Fixed Cost

Suppose that the firms pay fixed costs as part of their inputs as well as their output.
Then the technology of the firms is:

y=((k—=k)*(l—lo)" ) -9,

where ky and [y are input fixed costs. The aggregate version of the zero-profit
condition is:

Unless there is no output fixed cost (¢ = 0), this condition is not analytically
tractable. Assuming that there is no output fixed cost, the aggregate technology
and the zero-profit condition are simplified as follows:

v

Y = N7 ((K - Nko)*(L— Nlp)"*)",
W

= a—— 4+ (1-—
S aK—Nk0+( @)

L — Ny

With both input fixed costs, the zero-profit condition has a conceptual problem.
Interpreted as an equation determining N, it produces two discrete solutions. If kg
and [y are endogenous, it has a continuum of solutions. Therefore, we need to pin
down either (K%Nko) or ( ) With the two ratios defined as Ry and R, the
linearized version is:

L
L—Nlo

d7Y = (p—v)dWN
-y [a (RK% = (R - 1)d(fv\[k’“0°)> +(1—a) (RL% Ry - 1)d(NAZ°)>] |
0 = aRg(Ri—1) [%—CKNL]?]Jr(I—a)RL(RL—I) l%—d(NLliO)]

If the input fixed costs are exogenous and the number of firms responds instan-
taneously, the linearized aggregate reduced-form production function is:

dTY _ (p—7)+7<a+(1—a)(RL—RKH)gIL(:ll)]‘%K
H1- ) {(p—v)+7<(1—a)—i—a(RK—RL—i—l)Z[L{:ll)]%,
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where A = S5 ( RKf}fﬁ(gf;)%L =T With all the complexity of the functional form,

the degree of returns to scale is simply p. However, we may assume that more
unproductive inputs are necessary in a boom. If the aggregate input fixed costs are
endogenous, the aggregate production function in a reduced form is:

ar _ (aﬁwL(l—a)%).

Y K L

The degree of returns to scale is 7.
In a dynamic case when the adjustments occur only at the steady state, the
linearized aggregate reduced-form production function is:

ay dK dL
7 =7 (OCRK? + (1 — OC)RLT> .

The zero-profit condition implies that the degree of returns to scale is p. The model
of Yun (1996) introduces only labor fixed cost, i.e. kg = 0, and so magnifies only
labor fluctuations in output dynamics.

The bottom line of this appendix is that the model with both input fixed costs
has richer dynamics in the sense that capital and labor fluctuations may be magnified
to a different degree. However, this comes at a cost of one additional restriction.
Three extreme cases show that the degree of returns to scale is the same as that of
the model with only the output fixed cost.
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C Cost Minimization

The framework of cost minimization has been used widely, for example in Horn-
stein (1993) and Devereux, Head and Lapham (1996a). The cost function of a firm
is defined with rescaled input prices:

c(y) = r(r]%ilr)l aZk+ (1 —a)Wist. k"% = (y+ ¢)% :

where the general price level, P, is normalized to 1. The first order conditions
produce the conditional demands:

ko= (%>1a(y+ )7

S (%)a(yﬂb) :

1
c(y)=Z2W'(y + ¢)7 .
Profit maximization subject to the output demand of the aggregator, Eq. (8),
implies the constant markup rule:

==

<

==

So the cost function is:

P _
_:U’J
mc

1
where mc = Zawl’a% (y + ¢)>~". The marginal cost is decreasing if 7 > 1. How-
ever, the second-order sufficient condition is satisfied in equilibrium, since fixed cost
is assumed to be positive. The maximized profit is:

T = Zawlfa (y + Qﬁ)%_l [%y _ (y_|_ ¢)] .

Therefore, the condition of zero profits at each period results in the following rela-

tion:
W
Y

which involves output rather than inputs as in Eqs. (4) and (11). This relation
shows that output per firm is proportional to the fixed cost, whether it is exogenous
or not.

Interpreting the zero-profit condition as follows:

vl
-]
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we transform the conditional demands and the cost function into an aggregate ver-
sion as follows:
k=

L=
l1—¢

C(Y;N(Y),¢p(N)) = Z°W' LY "7,

l-«
) Ty s+, (30)

1—

> (31)

SINN[F

) ry~>+

1

(£)”

where ' = —~- The constant markup rule is expressed as follows:
(%_1)(1_6)(7_5)
p
LA 32
—e)( =L py T —
where p = [(% - 1) Y] (1-a(:7) and MC = Zawl’al—(“%iﬂ%. MC is not

V(a9
the aggregate marginal cost but just a name for the (f;ggr)egate counterpart of the
firm’s marginal cost. Note that the inverse of the markup is equal to %C (Y; N, )
evaluated at the zero-profit condition, not to --C (Y; N(Y), ¢(Y)).

Egs. (30)—(32) are a complete description of the economy. Solving for Y as a
function of K and L, we have:

Y = (FlKaLla)(%-i_l;e)l .

The degree of returns to scale is the weighted harmonic average of the degree of
diminishing marginal cost and that of returns to variety. The input prices are:

7 =

W =

=) < <

This shows that our results on input prices in a static model are robust to the choice
of the framework.
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D Fixed Cost Externalities

In the static case, both the fixed cost and the number of firms are endogenous and
so the degree of returns to scale is a convex combination of the degree of diminishing
marginal cost and that of returns to variety. This appendix shows that the static
model is equivalent to two models where the fixed cost is exogenous and only the
number of firms is endogenous, i.e. ¢ = 0. That is, aggregate output and the number
of firms follow Eqs. (10) and (12), rewritten here for convenience.

Y o= N6 (KoL) - Neg,

v (u)i{w

¢

Instead of endogenous fixed costs, each model introduces an assumption about fixed
cost externalities. The new parameters, £ and v, represent the external diseconomies
such as congestion effects.

First, external diseconomies are assumed to affect the fixed cost as follows:

¢ = ¢1Y£7 (33)
where £ € [0,1]. An increase in aggregate output would increase the fixed cost per
firm, less than proportionately. Combining Eq. (33) with the above two equations,
the equilibrium aggregate output is:

Y = (EKaLla)(%+l_;§)l 7

= _ (&) ()5 (%) : :

where Z =¢; "7 (1)” (1 — Z—) 77 7. The degree of returns to scale is a harmonic
average of the degree of diminishing marginal cost and that of returns to variety.

Alternatively, negative externalities is assumed with respect to the number of
firms as follows:

¢ = ¢2NU7

where v € [0,00). An increase in the number of firms would increase the fixed cost
per firm, possibly more than proportionately. The same algebra shows that the
equilibrium output is:

Yy =1 (K”‘L“a)[(viv)w(v_h)f’]

?

Yidmin §

_ _(v+7) 0 (%) N UUT»Y oy v_;’__», i
where T = ¢, 1-2 L—¢;7 (1—12 . As the degree of external

ity (v) grows from 0 to oo, the degree of returns to scale moves from the degree of
returns to variety (p) to the degree of diminishing marginal cost (7).
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